We study the artificial molecular states formed in laterally coupled double semiconductor nanorings by systems containing one, two and three electrons. An interplay of the interring tunneling and the electron-electron interaction is described and its consequences for the magnetization and charging properties of the system are determined. It is shown that both the magnetic dipole moment generated by the double ring structure and the chemical potential of the system as function of the external magnetic field strongly depend on the number of electrons and the interring barrier thickness. Both the magnetization and chemical potentials exhibit cusps at the magnetic fields inducing ground-state parity and / or spin transformations. The symmetry transformations are discussed for various tunnel coupling strengths: from rings coupled only electrostatically to the limit of coalesced rings. We find that in the ground-states for rings of different radii the magnetic field transfers the electron charge from one ring to the other. The calculations are performed with the configuration interaction method based on an approach of Gaussian functions centered on a rectangular array of points covering the studied structure. Electron-electron correlation is also discussed.
I. INTRODUCTION
In the eighties semiconductor rings of micrometer size were investigated in quest for signatures of the Aharonov-Bohm effect 1 in conductance measurements. 2, 3 In the next decade magnetization produced by persistent currents circulating around semiconductor rings was measured. 4 Subsequent technological advances allowed for fabrication of rings with nanometer radii with detectable quantum size effects. Nowadays, the quantum rings are produced with the etching 5 or surface oxidation techniques 6 as well as grown by self-assembly. 7 Transport experiments are performed on open quantum rings, 8 while the closed rings are studied in the context of single-electron charging 7 or optical properties. 9, 10, 11 Recently, magnetization signal of large ensembles of semiconductor self-assembled nanorings has been detected.
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The theoretical literature on quantum rings is very rich. The authors mainly concentrated on properties of a single isolated quantum ring. 10, 11, 13, 14, 15, 16, 17, 18, 19 At present there is a growing interest in systems of multiple quantum rings including arrays of quantum rings. 20, 21 Moreover, double rings are produced in both concentric 22, 23, 24 and vertical 25 configurations. The tunnel and electrostatic coupling was theoretically studied for both concentric 26, 27, 28, 29, 30, 31, 32, 33 and vertically stacked rings. 34 Recently, states of a single-electron in a pair of laterally coupled quantum rings were described. 35 The magnetization generated by planar arrays of interacting quantum rings 21 for neglected tunneling between the rings was also discussed. The purpose of the present paper is to describe the system of up to three electrons in an artificial molecule formed by two quantum rings with the account taken for both the tunnel coupling and the electron-electron interaction. We investigate the competition between the tunnel and Coulomb coupling, the electron-electron correlation as well as the charging and magnetization properties. The numerical results are provided for the etched InGaAs/GaAs rings 5 with low indium concentration and consequently low potential depth which favors electron tunneling between the rings.
The evolution of the single-electron ground-state with the magnetic field for artificial molecules formed by quantum rings is significantly more complex than for the double quantum dots. In double dots the role of the magnetic field for the eigenstates of the single electron is limited to reduction of the interdot tunnel coupling. 38 In double rings the magnetic field drives the angular momentum transitions of the single-electron within each of the rings. 13 When the tunnel coupling is activated the single-electron ground-state becomes localized at the contact between the rings 35 with the strength of the localization oscillating in function of the magnetic field with a period corresponding to the flux quantum threading the rings. For identical rings the single-electron ground state corresponds to a binding orbital 35 and possesses an even spatial parity irrespective of the value of the magnetic field.
In this paper we show that both the spin and spatial symmetry transitions occur with the external magnetic field 39 double rings containing few electrons. We find that the symmetry transformations in the external magnetic field depend strongly on the interring barrier thickness and they have quite a different character for various numbers of electrons confined within the double ring structure. Since the transformations influence strongly the charging and magnetic properties, an evidence of the tunnel coupling between the rings should be detectable by measurements of chemical potentials and magnetization.
Our discussion covers asymmetric configurations composed of rings of different radii for which we find that the magnetic field induces an oscillatory switching of the ground-state localization from one ring to the other. This effect can be used to transfer the electron between the rings without a need for applying an external electric field to the system.
In this work we use the configuration interaction approach which allows for a numerically exact solution of the Schroedinger equation for a few electrons. Application of the configuration interaction method to the laterally coupled double ring structure in the external magnetic structure is challenging as compared to both laterally coupled dots and double rings in concentric and vertical configurations. The basis used for the configuration interaction calculation has to keep track of the angular momentum transitions which occur in each of the rings separately but the total angular momentum cannot be used as a quantum number for selection of the basis set since the system does not possess circular symmetry unlike concentric double or vertically stacked rings. For the purpose of the present study we developed quite a powerful technique in which a Gaussian functions are used with centers distributed on a regular array. The presented technique is universal and can be applied to few-electron systems in arbitrary smooth confinement potentials.
This paper is organized as follows. In Section II we present the model Hamiltonian, the confinement potential and the configuration interaction approach based on a mesh of Gaussian functions. A test of the method for two-electron states is presented and the limitations of the approach are explained on this example. The results are given in Section III. We start by single-electron states of a single and identical double rings. The discussion is then extended to few-electron states and non-identical rings. The summary and conclusions are given in Section IV.
II. THEORY
We consider the following few-electron Hamiltonian
where h i is single electron energy operator and apply the configuration interaction approach in which H operator is diagonalized in a basis of many electron wavefunctions with determined values of total spin S and its projection on z axis S z . The basis functions are generated with the help of projection operator 40 as the linear combinations of Slater determinants built of eigenfunctions of a single-electron Hamiltonian:
We use the vector potential in a symmetric gauge: A(r) = B/2(−y, x, 0). The single-electron eigenproblem is diagonalized in a basis
where the basis function have the form
In Eq. 4 the probability density associated with each basis function is a Gaussian centered at point R α = (x α , y α ), σ is responsible for the strength of the localization and the term with the imaginary exponent introduces the magnetic translation, which ensured the gauge invariance of the basis, or in other word equivalence of all the basis functions irrespective of the localization center. The centers are distributed on a regular mesh of points (see below).
The matrix elements of the Coulomb interaction are integrated according to the procedure explained in the Appendix.
We model the potential of a single two-dimensional quantum ring by the formula:
where R l(r) denotes the center of the left (right) ring. We assume α = 20 for which the potential is nearly a square quantum well. The other parameters of the rings are adopted for the etched In 0.1 Ga 0.9 As/GaAs quantum rings 5, 35 : V 0 = 50 meV, the radius of single quantum ring R 0 = 30 nm, σ 0 = 20 nm, effective mass of an electron m * = 0.05 and dielectric constant ε = 12.4.
Confinement potential of the double ring structure is assumed in form,
where V l (r), V r (r) are the confinement potentials of the left and the right quantum ring respectively. We use a dimensionless parameter d which describes the distance between the centers of two coupled rings:
The confinement potentials of two laterally coupled quantum rings for various d are shown . This value was optimized for the description of the low-energy part of the single-electron spectrum.
We have tested our method for the problem of two electrons confined in two-dimensional harmonic oscillator potential, which can be easily solved with the center-of-mass separation technique with an arbitrary precision (the results can be treated as "exact"). We assumed the oscillator energyhω = 1 meV and the calculations were performed in the square region of For the basis with N = 50 × 50 elements, the lower part of the energy spectrum agrees very well with the exact results for magnetic fields up to 4 T. However, for basis with N = 20 × 20 elements, the energy of the ground state is visibly overestimated and the overestimate becomes quite large above 3 T.
For both basis the probability densities are circularly symmetric about the center of the dot for B = 1 T and B = 3 T (see Fig. 3 (a,b) and 3(d,e)). For B = 4 T only the probability density calculated for N = 50 × 50 elements still preserves the confinement potential symmetry. In the right panel of Fig. 3 we plot the mean value of the angular momentum for the smaller basis. With the magnetic field the ground-state becomes more strongly localized and acquires a high angular momentum. For fixed number of centers there is a limitation to the maximal angular momentum that can be described in the single-electron There is a limitation to the maximal angular momentum that can be accounted for, but the accuracy of the results is easily verified by comparing results of the method produced by various meshes.
III. RESULTS
A. Single-electron single-ring states
The single-electron spectrum for a single quantum ring with potential (6) is shown in Fig.   4 . The energy levels plotted with black lines correspond to the lowest state of the radial quantization and the red ones to the first radial excitation. The energy spacing between these two branches is only about 10 meV, which results of the small depth of the studied structure.
Numbers in Figure 4 denote the angular momentum. In the ground-state the magnetic "period" of the ground-state angular momentum transition is B p = 1.05 T which corresponds to the flux quantum (B p πR 2 = e/h) for a strictly one-dimensional ring of radius R 1D = 35.4
nm, slightly larger than the R 0 parameter (assumed equal to 30 nm), and closer to the average distance from the center of the ring 37 nm calculated over the radial coordinate of the ring. The magnetic period for the first radial excitation is much larger and equals B p = 1.5 T, which corresponds to the 1D ring of R 1D = 28.9 nm. The smaller effective radius for the excited radial state than for the ground-state may be surprising since usually the excited states occupy larger area than the ground-state. In order to explain this feature we plotted the electron densities in Fig. 5 for zero magnetic field. -the lowest-energy state and the first excited state, respectively. We notice that the radial wave functions for L = 0 are more strongly localized than the ones for L = 3. This is due to the centrifugal effective potentialh 2 L 2 2mρ 2 present in the single-electron Hamiltonian for a single ring written in cylindrical coordinates for the angular momentum L eigenstate
where ρ = √ x 2 + y 2 . Fig. 5 shows that states that correspond to the radial excitation with electron density forming two concentric rings occupy indeed a larger area than those corresponding to the lowest radial state. However, the inner density ring contains most of the electron charge and its radius is smaller then the electron density ring in the lowestenergy radial state [cf. The coupling between the rings is of a pure tunnel character for the single-electron states.
The single-electron energy spectra are given in Fig. 6 for various interring distances. For We observe a pronounced avoided crossings in the spectrum that occur separately for the even and odd energy levels. The pattern of the avoided crossings in the even and odd parts of the spectrum is similar, only the avoided crossings for the odd energy levels are narrower.
The odd parity energy levels correspond to wave functions vanishing in the center of the tunnel barrier so the tunnel coupling between the rings is naturally less pronounced than for the even energy levels.
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C. Identical rings: two electrons
The electrostatic coupling between the rings appears with the second electron introduced to the system. The two-electron spectrum for a pair of rings is displayed in Fig. 9 . For two electrons the Coulomb repulsion makes the interring barrier higher reducing the tunnel coupling and in the low-energy part spectrum the electrons tend to occupy separate rings.
For wide interring barrier and vanishing tunnel coupling the electron separation is complete.
In consequence , for d = 3.75, 3.5 and 3.25 the ground state is two-fold degenerate [see dimensional quantum dots. However, when the electron in the left ring is localized above its center φ = π/2, the electron in the right ring is also most probable to be found above the center of its ring 
where P 12 is the electron exchange operator, 42 χ a is the radial wave function of the confine- For spatially separated χ l and χ r radial functions, the two-electron density is given by
For the first electron fixed within the left ring, χ r (r 1 ) → 0 and P 12 may be skipped of the above formula since the permutated term vanishes. 42 We are left with the density which is a separable product of single-electron densities whose angular dependence on φ 2 becomes independent of φ 1 , although the overall pair correlation function value decreases when φ 1 approaches 0 (the right ring), in agreement with Fig. 12(a-c) .
Now let us turn our attention to the third excited state. In this state the electrons tend to occupy the area of the contact between the rings and the PCF shows a weak angular correlation between the electrons [ Fig. 12(j-l) ] like in the ground state. The wave function which produces these properties differs from Eq. (9) by the sign of c
for which the electron localization angles are inverted (shifted by π) with respect to the ground state.
In the ground state and in the third excited state the l = 0 and l = 1 single-electron angular eigenstates are mixed within each of the rings and the resulting probability densities are (nearly) separable. In the first and second excited states the angular momenta l = 0 and l = 1 eigenstates contribute in a different manner. In these states the angular momentum of the electron in one of the rings is l = 0 while the angular momentum of the electron in other ring is l = 1. This case is described by the following wave function
(for brevity we concentrate on the spin-singlets only). At B = 0.51 T for d = 3.75 the first (second) excited singlet is of the odd (even) parity, which corresponds to the '+' ('−') sign in the above formula. In the absence of the overlap between the single-ring wave functions the two-electron density for the first electron fixed in the left ring is given by (up to the normalization constant)
where φ 1 is measured with respect to the center of the left ring and φ 2 with respect to the center of the right ring. Formula (13) indicates that in the first excited state (of the odd parity) both the electrons are most probably localized at the same angle φ 1 = φ 2 , and in the second excited state (of the even parity) the electrons are localized at opposite angles φ 1 = φ 2 + π, which explains the behavior observed in Fig. 12(g-i) . At a close inspection in 
D. Three electrons in a pair of identical rings
The spectrum for three electrons at wide interring barrier is given in Fig. 13(a) . In the ground-state energy level at d = 3.75 we notice crossings of energy levels related to symmetry transformations which were also present in the single-electron spectrum but which were absent for two-electrons. We notice that the "period" of the ground-state energy level oscillation is halved with respect to the single ring case [cf. Near the ground-state we notice a characteristic oscillation of the ground-state symmetry [ Fig. 13(c,d) ]. The ground-state is mostly either the odd-parity low-spin S = 1/2 state or the odd-parity spin-polarized state S = 3/2. When the energy order of these two energy levels changes they become nearly degenerate with a third state: the even-parity low-spin state. The even-parity spin-polarized (S = 3/2) state runs much higher in the energy. This sequence of the ground-state spin-and parity-symmetry oscillations is also characteristic to three-electron circular 43, 44, 45 dots [for circular dots states of angular momentum quantum number which is even (odd) integer are of the even (odd) parity] as well as to elliptic 45 quantum dots and double quantum dots 44 containing three electrons. For elliptic quantum dots the near degeneracy of the three energy levels that we obtain here for discrete values of the magnetic field indicates that the deformation of the confinement potential with respect to the circular limit is strong (see the discussion given in Ref. 45 for elliptic dots). For less strong deformation the even parity low-spin state becomes a ground-state for some narrow but distinct magnetic field ranges. 
E. Oscillations of the three-electron charge density with the magnetic field
The results for the charge density of one-and two-electron systems presented above Fig. 14(a-c) . The dependence of the single-electron charge localized in the left ring on the magnetic field is clear, and the reaction of the two-electron density in the right ring is weaker. Note that in this plot the deviation of the single-electron density off the circular symmetry occurs for B = 0.91 T, for which the two-electron density is closest to circular, which leads to a compensation of the magnetic oscillation of the density for identical rings.
In order to quantify deviations of the single-ring electron density off the circular symmetry we calculated the parameter
where X and Y are coordinates of the ring and the average is calculated over the charge density of separate rings. The result is displayed in Fig. 16 with the blue curve for the two-electron density of the deeper ring and with the black curve for the single-electron density of the shallower ring. The single-electron parameter is larger, varies more strongly with the magnetic field and its variation is continuous in contrast to the two-electron value, which has cusps when the ground-state spin state of the two-electron subsystem changes.
Moreover, the single-electron parameter is positive which indicates that the deformation occurs rather in the horizontal (x) direction, while the two-electron deviation occurs mainly in the vertical direction (y). The absolute value of the deviation of the two-electron density from circular is the largest at the symmetry transformations. As noted in context of Fig. 14 the largest deformation of the single-electron density corresponds to a weak deformation of the two-electron density.
When the two-electron subsystem changes its spin state the ground state charge density in the deeper ring is modified in a discontinuous manner. Due to the Coulomb coupling this change may influence the electron density of the shallower ring, which might react in a discontinuous manner. In order to quantify this reaction we calculated derivatives of the D parameter with respect to the magnetic field. The derivative of the two electron parameter is discontinuous at the cusps [see Fig. 16(b) ]. We notice that the single-electron parameter exhibits an irregular structure when the two-electron density changes. However, this structure is not very pronounced. This result along with the presented above reference calculations indicate that the charge density of each ring is quite indifferent to the actual form of the charge distribution in the other ring. Additional argument for that conclusion is provided by the pair correlation function.
The pair correlation function plot for three electron system with two electrons in the right ring is shown in Fig. 15 for the ground-state at zero magnetic field. We fix a position of one of the electrons in the right ring and mark it with the dot in the figure. We notice that The parabolic minimum of µ 3 between the Λ cusps is due to the smooth maximum of E 2 that occurs at the avoided crossings near odd multiples of flux quanta (see Fig. 9 ). Due to the fractional Aharonov-Bohm oscillation of the two electron subsystem we find two Λ cusps in µ 3 for a single one in µ 1 . 
H. Separability of the system at large interring barrier
In the absence of the tunnel coupling the rings are coupled only electrostatically. In order to answer the question to which extent the distinct rings may be treated as separable we performed a reference calculations in which we considered a single ring perturbed by the Coulomb potential of a classical point charge localized in the other ring. In the reference calculation for the two-electron system we assumed that in the left (right) ring a classical point-charge electron is localized at φ = π (φ = 0) and calculated the single-electron spectrum for the confinement potential of the right (left) ring. The two-electron spectrum of a ring couple was then estimated by the sum of single-electron spectra of the left and right rings.
Comparison of the obtained result with the exact two-electron spectrum is given in Fig.   19 . The reference calculation was shifted down by 0.41 meV to coincide with the exact twoelectron energy for B = 0. We see that the magnetic-field dependence of the ground-state energy and the nearly degenerate first excited energy level is quite accurately described by the ansatz model. In fact the exact first excited energy level is not exactly degenerate and there are two energy levels for states of different parities. The reference calculation in which the rings are treated separately overlooks this splitting. Although the width of the exact avoided crossing near B = 1 T is quite accurately described by the reference calculation the increase of the exact ground-state energy in the center of the avoided crossing is smaller than in the reference calculation. The higher part of the exact spectrum deviates off the reference calculation significantly.
The reference spectrum for three electrons was calculated as a sum of two spectra 1) the single-electron confined within the left ring which is perturbed by two classical charges coupled the angular momentum transformations disappear. However, the spin ground-state transitions are still present in the two-electron subsystem.
The reference spectrum for the three-electron system calculated using the two separate calculations is compared to the exact spectrum in Fig. 21 . In the ground-state both calculations agree quite accurately, but differences are observed in the excited states. 
I. Electron-electron correlation in the coalesced double rings
The pair correlation plots for the three electron system presented so far were limited to large interring barrier. Let us look at the correlation when the rings form a single structure.
The pair correlation function plots for d = 3 and B = 0 are given in Fig. 22 for the low-spin states. Near the ground state one of the electrons occupy the contact area between the rings and the two others are localized at the left and right ends of the double structure. In the plots we present results for two different locations of the electron in the left ring (marked by crosses in Fig 22) . The pair correlation for the lowest-energy odd parity state Fig. 22(a,b) and the first excited state Fig. 22(c,d) are similar. Both these states have similar energies (see the spectrum in Fig. 13(d) ]. Only the electron localized at the contact between the rings reacts to the position of the electron in the left ring, and this reaction is not very pronounced [see Fig. 22(a-d)] . A stronger reaction is observed in the three next excited states [ Fig. 22(e-j) ], which correspond to distinctly higher energies [ Fig. 13(d) ]. In the highest energy state of the presented set the "quantum dot" formed at the contact is empty and the correlation properties [ Fig. 22(i,j) ] are similar to the ground-state at large interring barrier [cf. Fig. 15 ].
Results presented above for wide interring barrier indicated that in the ground-state the actual electron positions are correlated only within the same ring. Fig. 22 demonstrates that for rings forming a single structure the electron-electron correlation in the ground state still has only a short-range character. In the studied case each of the three electrons occupy a different spatial location and is quite indifferent to the actual positions of the other electrons within their charge islands. 
J. Rings of different radii
Results presented so far were obtained under assumption that both the rings have the same size. Let us now consider two rings that possess slightly different radii. Namely, we assume that the radius of the right ring is increased by 5 percent. The calculated singleelectron spectra are displayed in Fig. 23 .
The energy of the lowest zero angular momentum state in a single ring increases with its increasing radius (see Fig. 24 ). For that reason in the absence of the magnetic field the zero-angular momentum ground-state is localized in the smaller ring [energy levels marked by S in Fig. 23(a,b) ] and the first excited state is localized in the larger ring (energy levels marked by L in Fig. 23 ). On the contrary, due to the centrifugal potential at zero magnetic To summarize the shifts of the charge in the single-electron problem of a single-ring in ring become more pronounced as the magnetic field grows, which is related to the reduction of the tunnel coupling with B. 
IV. SUMMARY AND CONCLUSIONS
We have studied the system of one, two and three electrons in a planar double ring structure considering both the tunnel and the electrostatic coupling between the rings using a Gaussian functions mesh technique.
The presented results indicate that in the system of few electrons there is a distinct competition of tunnel coupling with 1) the magnetic field which enhances localization of the occupied states within a single ring 2) the electron-electron interaction which strengthens the interring barrier and 3) asymmetry effects of the double ring structure which favor electron localization in one of the rings.
We find that the system undergoes symmetry transitions of the parity and spin in function of the magnetic field, and that these transitions vary strongly with both N and d. 
An interaction integral which appears in (16): their invert Fourier transform. Next step is to integrate over r 1 and r 2 variables. After these we get the formula on C ijkl :
where R = (X ik − X jl , Y ik − Y jl ) = R(cos β, sin β) (19) r = (y jl − y ik , x ik − x jl ) = r(cos α, sin α) (20) 
The expression 18 can be further simplified by doing transformation the integral form Cartesian to the cylindrical coordinates and then by integrating over the k variable:
The function A(ϕ) is defined as below:
A(ϕ) = −iR cos(ϕ − β) − γσ 2 2 r cos(ϕ − α)
where γ = − eB 2h
. The value of integral (27) 
